a b s t r a c t A general analytical model based on shear-deformable beam theory has been developed to study the flexural-torsional coupled buckling of thin-walled composite beams with arbitrary lay-ups under axial load. This model accounts for all the structural coupling coming from the material anisotropy. The seven governing differential equations for coupled flexural-torsional-shearing buckling are derived. The resulting coupling is referred to as sixfold coupled buckling. Numerical results are obtained for thin-walled composite beams to investigate effects of shear deformation, fiber orientation and modulus ratio on the critical buckling loads and corresponding mode shapes.
Introduction
Fiber-reinforced plastics (FRP) have been used over the past few decades in a variety of structures. Composites have many desirable characteristics, such as high ratio of stiffness and strength to weight, corrosion resistance and magnetic transparency. Thinwalled structural shapes made up of composite materials, which are usually produced by pultrusion, are being increasingly used in many engineering fields. However, the structural behavior is very complex due to coupling effects as well as warping-torsion and thus, the accurate prediction of stability limit state and dynamic characteristics is of the fundamental importance in the design of thin-walled composite structures.
The theory of thin-walled open section members made of isotropic materials was first developed by Vlasov [1] and Gjelsvik [2] . Up to the present, investigation into the stability behavior of these members has received widespread attention and has been carried out extensively. Closed-form solution for flexural and torsional buckling of isotropic thin-walled beams are found in the literature (Timoshenko [3] , Trahair [4] ). For thin-walled composite beams, the flexural and torsional buckling are fully coupled even for a doubly symmetric cross-section due to their material anisotropy. Based on a Vlasov-type linear hypothesis, Pandey et al. [5] investigated flexural-torsional stability of thin-walled composite I-section beams. A finite element having seven degrees of freedom at each node was developed by Lin et al. [6] to study the stability problem of thin-walled composite beams. The influence of the in plane shear strain on the stability of the members was considered. Shield and Morey [7] developed a new theory for analysis buckling of composite beams of open and closed cross section. The theory took into account deformation in the plane of the cross-section due to anticlastic curvature. Kollar [8] [9] [10] focused on the analysis of flexural-torsional buckling and vibration of thin-walled open section composite beams. Vlasov's classical theory of thin-walled beams was modified to include both the transverse shear and the restrained warping induced shear deformations. The works of Davalos, Qiao and coworkers [11] [12] [13] deserved special attention because they presented a comprehensive experimental and analytical approach to study flexural-torsional buckling behavior of fullsize pultruded FRP I-beams and channel section. An energy method based on nonlinear plate theory was developed for instability of FRP beams and the formulation included shear effect and bending-twisting coupling. The monograph of Librescu and Song [14] was concerned not only with the foundation and formulation of modern linear and nonlinear theories of thin-walled composite beams but also provided powerful mathematical tools to address issues of statics and dynamics of these members. Cortinez, Piovan, Machado and coworkers [15] [16] [17] [18] introduced a new theoretical model for the generalized linear analysis of thin-walled composite beams. This model allowed studying many problems of static's, free vibrations with or without arbitrary initial stresses and linear stability of composite thin-walled beams. In their research [15, 18] , thin-walled composite beams for both open and closed cross-sections and the shear flexibility (bending, non-uniform warping) were incorporated. However, it was strictly valid for symmetric balanced laminates and especially orthotropic laminates. Back and Will [19] developed a shear-flexible finite element based on an orthogonal Cartesian coordinate system for the flexural and buckling analyses of thin-walled composite I-beams with both doubly and mono-symmetrical cross-sections. Using the first-order shear-deformable beam theory, the beam element included both the transverse shear and restrained warping were derived.
Recently, a simple but efficient method to evaluate the exact element stiffness matrix was presented by Kim et al. [20, 21] in order to perform the spatially coupled stability analysis of thin-walled composite beams with symmetric and arbitrary laminations under a compressive force.
In this paper, which is an extension of the authors' previous works [22, 25] , flexural-torsional coupled buckling of thin-walled composite beams with arbitrary lay-ups is presented. This model is based on the first-order shear-deformable beam theory, and accounts for all the structural coupling coming from the material anisotropy. The seven governing differential equations for coupled flexural-torsional-shearing buckling are derived. Numerical results are obtained to investigate the effects of fiber angle, spanto-height ratio and modulus ratio on the critical buckling loads and corresponding mode shapes of thin-walled composite beams.
Kinematics
The theoretical developments presented in this paper require two sets of coordinate systems which are mutually interrelated. The first coordinate system is the orthogonal Cartesian coordinate system ðx; y; zÞ, for which the x and y axes lie in the plane of the cross-section and the z axis parallel to the longitudinal axis of the beam. The second coordinate system is the local plate coordinate ðn; s; zÞ as shown in Fig. 1 , wherein the n axis is normal to the middle surface of a plate element, the s axis is tangent to the middle surface and is directed along the contour line of the cross-section. The ðn; s; zÞ and ðx; y; zÞ coordinate systems are related through an angle of orientation h as defined in Fig. 1 . Point P is called the pole axis, through which the axis parallel to the z axis is called the pole axis.
To derive the analytical model for a thin-walled composite beam, the following assumptions are made:
1. The contour of the thin wall does not deform in its own plane.
Transverse shear strains c
xz ; c yz and warping shear c x are incorporated. It is assumed that they are uniform over the crosssections. 3. Each laminate is thin and perfectly bonded. 4. Local buckling is not considered.
According to assumption 1, the midsurface displacement components u;
v at a point A in the contour coordinate system can be expressed in terms of a displacements U; V of the pole P in the 
By comparing Eqs. (2) and (9), the function can w z can be written as
Similarly, using the assumption that the shear strain c sn should vanish at midsurface, the function w s can be obtained
The strains associated with the small-displacement theory of elasticity are given by 
All the other strains are identically zero. In Eq. (13), s and j s are assumed to be zero, and z ; j z and j sz are midsurface axial strain and biaxial curvature of the shell, respectively. The above shell strains can be converted to beam strain components by substituting Eqs. (1), (5) and (8) into Eq. (13) as
where z ; j x ; j y ; j x and j sz are axial strain, biaxial curvatures in the x and y direction, warping curvature with respect to the shear center, and twisting curvature in the beam, respectively defined as
The resulting strains can be obtained from Eqs. (12) and (14) as
Variational formulation
The total potential energy of the system can be stated, in its buckled shape, as
where U is the strain energy
After substituting Eq. (16) into Eq. (18) U ¼ 1 2
The variation of strain energy, Eq. (19), can be stated as
where N z ; M x ; M y ; M x ; V x ; V y ; T; M t are axial force, bending moments in the x-and y-directions, warping moment (bimoment), and torsional moment with respect to the centroid, respectively, defined by integrating over the cross-sectional area A as
The potential of in-plane loads V due to transverse deflection
where r 0 z is the averaged constant in-plane edge axial stress, defined by r 0 z ¼ P 0 =A. The variation of the potential of in-plane loads at the centroid is expressed by substituting the assumed displacement field into Eq. (22) as
The kinetic energy of the system is given by
where q is a density.
The variation of the kinetic energy is expressed by substituting the assumed displacement field into Eq. (24) as
In Eqs. (23) and (25), the following geometric relations are used (Fig. 1) x
In order to derive the equations of motion, Hamilton's principle is used
Substituting Eqs. (20) , (23) and (25) into Eq. (27) , the following weak statement is obtained 0 ¼
All the inertia coefficients in Eq. (28) are given in Ref. [24] .
Constitutive equations
The constitutive equations of a kth orthotropic lamina in the laminate co-ordinate system of section are given by
where Q Ã ij are transformed reduced stiffnesses. The transformed reduced stiffnesses can be calculated from the transformed stiffnesses based on the plane stress ðr s ¼ 0Þ and plane strain ð s ¼ 0Þ assumption. More detailed explanation can be found in Ref. [26] .
The constitutive relation for out-of-plane stress and strain is given by
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (16), (21) and (29)
where E ij are stiffnesses of thin-walled composite beams and given in Ref. [23] .
Equations of motion
The equations of motion of the present study can be obtained by integrating the derivatives of the varied quantities by parts and collecting the coefficients of dW; dU; dV; dU; dW y ; dW x and dW x
The natural boundary conditions are of the form
The 7th denotes the warping restraint boundary condition.
When the warping of the cross-section is restrained, W x ¼ 0 and when the warping is not restrained, M x ¼ 0. Eq. (32) is most general form for axial-flexural-torsional-shearing vibration and buckling of thin-walled composite beams. For general anisotropic materials, the dependent variables, U; V; W; U; W x ; W y and W x are fully-coupled implying that the beam undergoes a coupled behavior involving bending, extension, twisting, transverse shearing, and warping. The resulting coupling is referred to as sixfold coupled vibration and buckling. If all the coupling effects and the inertia coefficients are neglected as well as cross-section is symmetrical with respect to both x-and the y-axes, Eq. (32) can be simplified to the uncoupled differential equations as It is well known that the three distinct buckling modes, flexural buckling in the x-and y-direction, and torsional buckling, are identified in this case, and the corresponding buckling loads are given by orthotropy solution for a clamped beam boundary conditions [10] P x ¼ ð0:5lÞ
where P x ; P y ; P h are flexural buckling loads in the x-and y-direction, and torsional buckling load, respectively.
Finite element formulation
The present theory for thin-walled composite beams described in the previous section was implemented via a one-dimensional displacement-based finite element method. The generalized displacements are expressed over each element as a linear combination of the one-dimensional Lagrange interpolation function c / j associated with node j and the nodal values
Substituting these expressions into the weak statement in Eq. (28), the finite element model of a typical element can be expressed as
where ½K; ½M are the element stiffness matrix, the element mass matrix and given in Ref. [24] . The element geometric stiffness matrix ½G are defined by 
The explicit forms of ½G are given by
All other components are zero. In Eq. (38), fDg is the eigenvector of nodal displacements corresponding to an eigenvalue
Numerical examples
For verification purpose, the buckling behavior and free vibration of a cantilever isotropic mono-symmetric channel section beam, as shown in Fig. 2 , with length l = 2 m under axial force at the centroid is performed. Throughout the numerical examples, ten quadratic elements with three nodes are used. The material properties are assumed to be: E ¼ 0:3 GPa ; G ¼ 0:115 GPa ; q ¼ 7850 kg=m 3 . The buckling loads and natural frequencies are evaluated and compared with numerical results of Kim et al. [27] which is based on dynamic stiffness formulation and ABAQUS solutions in Table 1 . The present results are in a good agreement with those by Kim et al. [27] .
In the next example, a simply-supported composite I-beam with a span of 6.0 m under axial force applied to the centroid is analyzed. A doubly symmetric I-section of 600 mm wide flange and 600 mm deep web is considered. The flanges and web are made of four plies with each ply 7.5 mm in thickness. The material is graphite-epoxy whose layer properties are defined: E 1 ¼ in Table 2 , along with the finite element results of Machado and Cortinez [16] and Back and Will [19] . It is observed that the present results are in good agreement with the solutions in Refs. [16, 19] for all cases of lay-ups. To demonstrate the accuracy and validity of this study further, a cantilever symmetrically laminated mono-symmetric I-beam with length l ¼ 1 m under axial load at the centroid is considered. Following dimensions for the beam are used: the height, top and bottom flange widths are 50, 30 and 50 mm, respectively. The flanges and web are made of 16 layers with each layer 0.13 mm in thickness. All computations are carried out for the glass-epoxy materials with the following material properties:
The comparison of the critical buckling loads among the proposed finite element solution, the analytical approach by Kim et al. [21] are given in Table 3 for different stacking sequences. The present finite element solution again indicates good agreement with the analytical solution and ABAQUS results for all lamination schemes considered.
In order to investigate the effects of fiber orientation and shear deformation on the critical buckling loads and the mode shapes as well as load-frequency interaction curves, thin-walled composite I-beams with different span-to-height ratios under axial load at the centroid are considered. The geometry and stacking sequences of I-section are shown in Fig. 3 , and the following engineering constants are used
For convenience, the following nondimensional buckling load and natural frequency are used
The flanges and web are considered as antisymmetric angle-ply laminates ½h= À h, (Fig. 3a) . For this lay-up, all the coupling stiffnesses are zero, but E 35 and E 38 do not vanish due to unsymmetric stacking sequence of the flanges and web. As the first example, the stacking sequence at two specific fiber angle h ¼ 0 and 30°is considered to investigate the effects of axial force and shear deformation on the fundamental natural frequency. Fig. 4 shows the interaction diagram between flexural-torsional buckling and natural frequency with span-to-height ratio l=b 3 ¼ 10. By using a linear combination of the one-dimensional Lagrange and Hermite-cubic interpolation function in finite element formulation [22] , the load-frequency interaction curves obtained from previous research [25] based on the classical beam theory are also displayed. It can be seen that the change in the natural frequency due to axial force is noticeable. The natural frequency diminishes when the axial force changes from tensile to compressive, as expected. It is obvious that the natural frequency decreases with the increase of axial force, and the decrease becomes more quickly when the axial force is close to critical buckling load. Moreover, this decrease is more pronounced with fiber angle h ¼ 0 when the shear effects are included in the analysis. With h ¼ 0 and 30°, at about P ¼ 36:165 and 12.806, the natural frequencies become zero which implies that at these loads, flexural-torsional bucklings occur as a degenerate case of natural vibration at zero frequency. It is from Fig. 4 that explains the duality between the critical flexural-torsional buckling load and the fundamental natural frequency.
The next example is the same as before except that in this case, the fiber angle is rotated in the flanges and web (Fig. 3a) . The critical buckling loads by the finite element analysis (FEM) and the orthotropy solutions, which neglects the coupling effects of E 35 , E 38 , from Eqs. (36a)-(36c) are given in Fig. 5 . The results with no shear effects calculated from previous paper [22] . As expected, for classical beam model, the critical buckling loads decrease monotonically with the increase of fiber angle. However, for present model, after P cr reaches maximum value around h ¼ 10 , it decreases. This local maximum occurs because at low fiber angle, large shear effects reduce flexural stiffnesses. It is interesting to note that the shear effects are negligibly small even for the lower span-to-height ratio ðl=b 3 ¼ 10Þ, especially in the interval h 2 ½30
; 90 . This trend can be explained that the flexural stiffnesses decrease significantly with the increasing fiber angle, and thus, the relative shear effects become smaller for higher fiber angles. Due to coupling stiffnesses, the orthotropy solution might not be accurate. However, as fiber angle increases, the coupling effects coming from the material anisotropy become negligible. Therefore, it can be seen in Fig. 5 , for all fiber angles, the critical buckling loads by the finite element analysis exactly correspond to the flexural buckling loads in y-direction. It can be explained partly by the typical mode shapes with the fiber angle h ¼ 30 in Fig. 6 . It is indicated that the simple orthotropy solution is sufficiently accurate for this lay-up. To investigate the coupling and shear effects further, the same configuration with the previous example except the lay-up is considered. The bottom flange is considered as [h 2 ], while the top flange and web are [0/45], respectively (Fig. 3b) . For this lay-up, the coupling stiffnesses E 16 ; E 17 ; E 18 ; E 36 ; E 37 and E 68 become no more negligibly small. Fig. 7 displays the effects of shear deformation on the critical buckling loads with two different ratios. For l=b 3 ¼ 25, since the shear effects are negligible, the solutions of two models nearly coincide. However, for lower span-to-height ratio ðl=b 3 ¼ 5Þ, it is noticed that discarding shear effects again leads to an overprediction of the critical buckling loads for all fiber angles especially in the range of h 2 ½0
; 30 . The results by orthotropy solution and the finite element analysis with l=b 3 ¼ 5 are shown in Fig. 8 displacements, torsional and shearing rotations show that, at h ¼ 0 when the beam is buckling exhibits fourfold coupled mode (the flexural mode in y-direction, torsional mode and corresponding shearing mode), whereas, at h ¼ 15 , the beam displays three further mode (axial mode, the flexural mode in x-direction and corresponding shearing mode). Due to small out-of-plane displacement W (Fig. 10) , the resulting mode shape is referred to as sixfold coupled mode. It is from this sixfold coupled mode that highlights the influence of coupling and shear effects on the buckling behavior of thin-walled composite beams. This response is never observed in the classical beam model [22] because the shear effects are not present. As fiber angle increases, since the coupling stiffnesses decrease, the buckling mode shape becomes predominantly torsional mode as shown in Fig. 11 . Consequently, the critical buckling loads by the finite element analysis exactly correspond to the torsional buckling loads of orthotropy solution. This fact explains as the fiber angle changes, for lower span-to-height ratio, the orthotropy solutions disagree with the finite element solutions as anisotropy of the beam gets higher. That is, the orthotropy solution is no longer valid for unsymmetrically laminated beams, and sixfold coupled flexural-torsional-shearing buckling should be considered even for a doubly symmetric cross-section.
Finally, the effects of span-to-height ratio ðl=b 3 Þ and modulus ratio ðE 1 =E 2 Þ on the critical buckling loads of a simply supported beam are investigated. The stacking sequence of the flanges and web are ½0=90 s , (Fig. 3c) . For this lay-up, all the coupling stiffnesses vanish and thus, the critical buckling loads exactly correspond to the flexural buckling loads in y-direction. It is evident from Fig. 12 that the shear-deformable beam theory is very effective in a relatively large region up to the point where span-to-height ratio reaches value of l=b 3 ¼ 20. For this reason, a span-to-height ratio l=b 3 ¼ 5 is chosen to show effect of modulus ratio on the the critical buckling loads. The critical buckling loads increase as modulus ratio increase in Fig. 13 . It is obvious that the omission of shear effects causes an overestimation of the critical buckling loads with increasing orthotropy ðE 1 =E 2 Þ.
Concluding remarks
A analytical model based on shear-deformable beam theory is presented to study the flexural-torsional buckling of thin-walled composite beams under axial load. This model is capable of predicting accurately the critical buckling loads and corresponding mode shapes for various configuration. All of the possible buckling mode shapes including the flexural mode in the x-and y-direction, the torsional mode, and fully-coupled flexural-torsional-shearing mode are included in the analysis. The shear effects become significant for lower span-to-height ratio. The orthotropy solution is accurate for lower degrees of material anisotropy, but, becomes inappropriate as the anisotropy of the beam gets higher, and fully-coupled equations should be considered for accurate analysis of thin-walled composite beams. The present model is found to be appropriate and efficient in analyzing buckling problem of thinwalled composite beams under axial load.
